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$S^{4}$ ( ) $\Rightarrow$ $\mathbb{H}P^{n}$ “ ”
\S 1
$\langle$ $\rangle$
1.1 $M$ $4n(n\geq 2)$ $Q$ End $TM$ 3
:




(b) $\nabla$ End $TM$ $Q$
$Q$ $M$ $Q$ $M$
(b) $\nabla$ $Q$ -
$Q$ $g$ End $TM$
$Q$ $(g, Q)$ $(g, Q)$ $M$
$Q$ $Q$ -
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1.2 ([1] Prop.5.1 ) $\nabla$ $Q$ - $Q$ - $\nabla’$ 1-form $\xi$
(1.1) $\nabla_{X}’Y$ $=$ $\nabla_{X}Y+\xi(X)Y+\xi(Y)X-\xi(IX)IY-\xi(IY)IX$
$-\xi(JX)JY-\xi(JY)JX-\xi(KX)KY-\xi(KY)KX$
1-form $\xi$ (1.1) $\nabla’$ $Q$ -
$Q$ - $Q$ $Q$
$Q$
$Q$ $\langle,$ $\rangle$ $p\in M,$ $A,$ $B\in Q_{p}$ $\langle A,$ $B\rangle=$
$- \frac{1}{4n}$tr($AB$ ) $\{I, J, K\}$
$Q$ - $\nabla$ $\langle,$ $\rangle$ $\{I, J, K\}$ $\nabla$
$(\omega_{\alpha})_{\alpha=1.2,3}$
$\nabla I = \omega_{3}\otimes J-\omega_{2}\otimes K$
(1.2) $\nabla J = -\omega_{3}\otimes I+\omega_{1}\otimes K$
$\nabla K = \omega_{2}\otimes I-\omega_{1}\otimes J$
$(M, Q)$ $Q$
$\mathcal{Z}_{p}=\{I\in Q_{p}|I^{2}= - id\}=\{I\in Q_{p}|\langle I, I\rangle=1\}.$
$\pi$ : $\mathcal{Z}arrow M$ $M$ $S^{2}$- $Z$ $M$
1.3 (cf. [4] Thm14.68) $(M, Q)$ $4n(n\geq 2)$ $M$
$Z$ $I^{Z}$ $\pi$ : $Zarrow M$
$O$
\S 2
$(\tilde{M}^{4n},\tilde{Q})$ $\tilde{Q}$ $4n(n\geq 2)$ $\tilde{M}$
$M^{2m}$ $\tilde{Q}|_{M}$ $\tilde{I}$ (1) $\tilde{I}^{2}=-$ id, (2) $\tilde{I}TM=TM$
$M^{2m}$ (cf. [2]). $M$ $\tilde{M}$
$\tilde{I}$ $M$ $M$ $I$ $\tilde{Q}|_{M}$
:
(2.1) $Q|_{M}=\mathbb{R}\tilde{I}+Q’,$
$Q’=[\tilde{I},\tilde{Q}|_{M}]=\tilde{I}$ $Q’$ $\tilde{J},\tilde{K}$ $\{I, \tilde{J},\tilde{K}\}$ $\tilde{Q}|_{M}$
1.1 (a) $p\in M$ $\overline{T}_{p}M=T_{p}M\cap\tilde{J}(T_{p}M)$
$\overline{T}_{p}M$ $T_{p}\tilde{M}$ $Q$- $T_{p}M$ $I$-
$(\tilde{M},\tilde{Q})$ $Q$- $\tilde{\nabla}$ 1 $\{I, \tilde{J},\tilde{K}\}$ (1.2) $(\omega_{\alpha})_{\alpha=1.2,3}$
$M$ 1-form $\psi$
(2.2) $\psi(X)=\omega_{3}(IX)-\omega_{2}(X) X\in TM$
12
2.1 ([2] Thm 1.1) $M^{2m}(m\geq 2)$ $(\tilde{M},\tilde{Q})$
(1) $M$ $I$ $M$ $\psi=0.$
(2) $M$ $P$ $\dim T_{p}M/\overline{T}_{p}M>2$ $I$ $|$
[2] $(\tilde{M},\tilde{Q})$
$\tilde{\pi}$ : $\tilde{\mathcal{Z}}arrow$ $I^{\tilde{\mathcal{Z}}}$ 1.3 $\tilde{\mathcal{Z}}$
$M^{2m}(m\geq 2)$ $(\tilde{M},\tilde{Q})$ $\tilde{I}\in\Gamma(\tilde{Q}|_{M})$ 1
$\tilde{\mathcal{Z}}|_{M}$ $\tilde{I}\ovalbox{\tt\small REJECT}$ $M$ $\tilde{\mathcal{Z}}$ $\tilde{I}$
$M$ $I$
2.2 ([3] Thm 4.2) $\dim M=2m\geq 4$ $I$
$\tilde{I}$ $M$ $\tilde{\mathcal{Z}}$
$[3|$ $(\tilde{M},\tilde{Q})$
$M^{2m}(m\geq 2)$ $p$ $\tilde{J}\in Q_{p}’$ ( $Q’$ (2.1) )
$\tilde{J}T_{p}M$ $T_{p}M=\{0\}$ $M$ $(M, Q)$
2.1 (2) $\tilde{I}$ 1 $\ovalbox{\tt\small REJECT}$ $(M, I)$
$(M,\tilde{Q},\tilde{g})$ $p\in M$ $\tilde{J}\in Q_{p}’$
$\tilde{J}T_{p}M\perp T_{p}M$ $M$ $(\tilde{M},\tilde{Q},\tilde{g})$
1. $\mathbb{H}P^{n}$ $ $ [8]
$\mathbb{H}P^{n}$
$M^{2n}\subset \mathbb{H}P^{n}$
(1) $\mathbb{C}P^{n}\hookrightarrow \mathbb{H}P^{n}$ (totally geodesic),
(2) $Sp(3)/U(3)\hookrightarrow \mathbb{H}P^{6},$
(3) $SU(6)/S(U(3)\cross U(3))\hookrightarrow \mathbb{H}P^{9},$
(4) $SO$ (12) $/U(6)\hookrightarrow \mathbb{H}P^{15},$
(5) $E_{7}/E_{6}\cdot T^{1}\hookrightarrow \mathbb{H}P^{27},$
(6) $\mathbb{C}P^{1}(\tilde{c})\cross \mathbb{C}P^{1}(\tilde{c}/2)\hookrightarrow \mathbb{H}P^{2},$
(7) $\mathbb{C}P^{1}(\tilde{c})\cross \mathbb{C}P^{1}(\tilde{c})\cross \mathbb{C}P^{1}(\tilde{c})\hookrightarrow \mathbb{H}P^{3},$
(8) $\mathbb{C}P^{1}(\tilde{c})\cross SO(n+1)/SO(2)$ . $SO(n-1)\hookrightarrow \mathbb{H}P^{n}$ $(n\geq 4)$ .
2. $\mathbb{H}P^{n}$ $\mathbb{C}P^{2n+1}$
$\mathbb{C}P^{2n+1}$ ([4] ).
$M^{2n}\subset \mathbb{H}P^{n}$ $\mathbb{C}P^{2n+1}$ $I(M)$ $\mathbb{C}P^{2n+1}$
$\mathbb{C}P^{2n+1}$
$\mathbb{H}P^{n}$






$Q’$ $\tilde{J},\tilde{K}$ $\{\tilde{I},\tilde{J},\tilde{K}\}$ $Q|_{M}$ 1.1 (a)
$T^{\perp}M=\tilde{J}TM$ $T^{\perp}M$ $\tilde{J}$ $T\tilde{M}|_{M}$
$\tilde{I}$ - :
(2.3) $T\tilde{M}|_{M}=TM+T^{\perp}M$
$(M, Q)$ $Q$- $\tilde{\nabla}$ 1 $\{\tilde{I},\tilde{J},\tilde{K}\}$ (1.2)
$(\omega_{\alpha})_{\alpha=1.2,3}$ 2.1 (1) $\omega_{2}(X)=\omega_{3}(IX)$ . (2.3) $\tilde{\nabla}$
$M$ $\nabla$ , 2 $\sigma$ $\nabla$ $\sigma$ $T^{\perp}M$
$M$ $I\ovalbox{\tt\small REJECT}$ $\sigma$ 2 $(2,0)+(0,2)$ $\sigma+,$
(1, 1) $\sigma-$
$\sigma = \sigma_{+}+\sigma_{-}$
$\sigma_{+}(IX, IY)=-\sigma_{+}(X, Y) , \sigma_{-}(IX, IY)=\sigma_{-}(X, Y) , X,Y\in TM.$
2.3 (1) $\nabla I=0.$
(2)
$\sigma_{-}(X, Y) = \frac{1}{2}\{\omega_{2}(X)\tilde{J}Y+\omega_{3}(X)\tilde{K}Y+\omega_{2}(Y)\tilde{J}X+\omega_{3}(Y)\tilde{K}X\}$
$= \frac{1}{2}\{\tilde{I}(\tilde{\nabla}_{X}\tilde{I})Y+\tilde{I}(\tilde{\nabla}_{Y}\tilde{I})X\}$
2.4 $(M, Q,\tilde{g})$ $M^{2n}(n\geq 2)$
$M$ $\tilde{\nabla}$ 2 (1, 1)
$\sigma_{-}$ $M$ $\sigma_{-}=0$
$Q$- $\tilde{\nabla}’$ $M$ $1-form\xi$ $\tilde{\nabla}$ $\tilde{\nabla}’$ (1.1)
$\tilde{\nabla}’$ $M$ $\nabla’$ , 2 $\sigma’,$ $\sigma_{+}’,$ $\sigma_{-}’$
:
2.5 (1) $\nabla_{X}’Y=\nabla_{X}Y+\xi(X)Y+\xi(Y)X-\{\xi(IX)IY+\xi(IY)IX\}$
(2) $\sigma_{+}’(X, Y)=\sigma_{+}(X, Y)$
$\sigma_{-}’(X, Y)=\sigma_{-}(X, Y)-\{\xi(\tilde{J}X)\tilde{J}Y+\xi(\tilde{J}Y)\tilde{J}X+\xi(\tilde{K}X)\tilde{K}Y+\xi(KY)KX\}$
2.5
(1) $M$ 2 $\nabla,$ $\nabla’$ 2.5 (1)
$\nabla’$ $\nabla$ (cf [6])




(3) $\sigma_{-}$ $Q$- $M_{1},$ $M_{2}\subset M$
1 $p$ $T_{p}M_{1}=T_{p}M_{2}$ $\sigma_{-}$
$M$ $Q$-
\S 3 $\mathbb{H}P^{n}$ $Q$-
$n+1$ $\mathbb{H}^{n+1}$
$\mathbb{H}P^{n}$
$\mathbb{H}^{n+1}=\mathbb{H}P^{n}\cross \mathbb{H}^{n+1}$ $\mathbb{H}P^{n}$ $L\subset \mathbb{H}^{n+1}$
$L=\{(l, v)\in \mathbb{H}P^{n}\cross \mathbb{H}^{n+1}|v\in l\}$
$L$ $\underline{E\Psi^{+1}}/L$
$\pi L$ : $\underline{\mathbb{H}^{n+1}}arrow\underline{\mathbb{H}^{n+1}}/L$ $\pi_{L}$
$Hom(L, \underline{\mathbb{H}^{n+1}}/L)$
$\mathbb{H}P^{n}$ $T\mathbb{H}P^{n}$ $Hom(L,\underline{\mathbb{H}^{n+1}}/L)$
$d$ $\underline{\mathbb{H}^{n+1}}$ $l\in \mathbb{H}P^{n},$ $v\in l$ $l$ $L$ $s$
$s(l)=v$ $X\in T_{l}\mathbb{H}P^{n}$ $\alpha(X):larrow \mathbb{H}^{n+1}/l$
(3.1) $\alpha(X)v=\pi_{L}(d_{X}s)$
$s$ $\alpha(X)$ $l$ $\mathbb{H}^{n+1}/l$
3.1 $\alpha$ : $T\mathbb{H}P^{n}arrow Hom(L,\underline{\mathbb{H}^{n+1}}/L)$
$Hom(L, \underline{\mathbb{H}^{n+1}}/L)$ $T\mathbb{H}P^{n}$
$\mathbb{H}P^{n}$ $Q\subset$ End $T\mathbb{H}P^{n}$ : $U\subset \mathbb{H}P^{n}$ $s_{0}\in\Gamma(L)$
$U$ $L$ $T\mathbb{H}P^{n}\ni X\mapsto$
$\alpha(X)$ (so) $\in\underline{\mathbb{H}^{n+1}}/L$ $U$ $T\mathbb{H}P^{n}arrow\underline{\mathbb{H}^{n+1}}/L$ $\underline{\mathbb{H}^{n+1}}/L$
$T\mathbb{H}P^{n}$
$X\in T\mathbb{H}P^{n}|u$ $\alpha(\tilde{I}X)$ $(so)=(\alpha(X)(s0))i,$ $\alpha(\tilde{J}X)$ (so) $=(\alpha(X)(s0))j$
$\tilde{K}=\tilde{I}\tilde{J}$ $\alpha(\tilde{K}X)(so)=(\alpha(X)(s_{0}))(-k)$ $\tilde{I},\tilde{J},\tilde{K}$ $\mathbb{R}$
End $T\mathbb{H}P^{n}$ 3 $Q$ $Q$ so
$GL(n+1, \mathbb{H})$ $Q$ $Q$-
:













$T\mathbb{H}P^{n}arrow^{\alpha}Hom(L, \underline{\mathbb{H}^{n+1}}/L)arrow Hom(L, L^{c})$




$D$ $L,$ $L^{c}$ $\alpha$ : $T\mathbb{H}P^{n}arrow Hom(L, L^{c})$ $S$ :
$T\mathbb{H}P^{n}arrow Hom(L^{c}, L)$ $\alpha$ : $T\mathbb{H}P^{n}\cong Hom(L, L^{c})$ $D$
$\mathbb{H}P^{n}$ $\nabla$ $X,$ $Y\in\Gamma(T\mathbb{H}P^{n}),$ $s\in\Gamma(L)$
$\alpha(\nabla_{X}Y)(s)=D_{X}(\alpha(Y)(s))-\alpha(Y)(D_{X}s)$
$\nabla$ $Q$-
1. : $\ovalbox{\tt\small REJECT}+1$ $\{e_{1}, \cdots, e_{n+1}\}$ $\{\theta^{1}, \cdots, \theta^{n+1}\}$
$M’=\{[v]\in \mathbb{H}P^{n}|\theta^{1}(v)\neq 0\}$ $M’$ $\mathbb{H}P^{n}$ $M’$ $L^{c}=$
$\{e_{2}, \cdots, e_{n+1}\}_{\mathbb{H}}$ $M’$ $\underline{\mathbb{H}^{n+1}}=L+L^{c}$
$M’$ $\{z^{\gamma}\}_{\gamma=2,\cdots,n+1}$ , $\{x_{a}^{\gamma}\}_{\gamma=2,\cdots,n+1,a=0,1,2,3}$
$M’\ni l$ $v\in l$ $\theta^{1}(v)=1$ $z^{\gamma}=\theta^{\gamma}(v)(\gamma=$
$2,$ $\cdots,$ $n+1)$ $M$’ $\mathbb{H}^{n}$ $z^{\gamma}=x_{0}^{\gamma}+x_{1}^{\gamma}i+$





$\alpha(\frac{\partial}{\partial x_{a}^{\gamma}})v=\{\begin{array}{ll}e_{\gamma}(a=0) , e_{\gamma}i(a=1)e_{\gamma}j(a=2) , e_{\gamma}k(a=3)\end{array}$
$d_{\pi I}e_{\delta}=0$ $D_{\partial ,\overline{\partial}^{\nabla_{x_{a}}}}e\delta=0$ . $\nabla_{\partial ,\overline{\partial}^{\nabla_{x_{a}}^{\overline{\partial}x_{b}^{7}}}}^{\partial}$ $=$ 0. $E\Psi\cong \mathbb{R}^{4n}$
2. ( ) : $\langle,$ $\rangle$ $\ovalbox{\tt\small REJECT}+1$ $M’=$
$\{[v]\in \mathbb{H}P^{n}|\langle v, v\rangle\neq 0\}$ $M’$ $\langle,$ $\rangle$ $L$ $L^{\perp}$
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$M’$ $\underline{\mathbb{H}^{n+1}}=L+L^{\perp}$
$\langle,$ $\rangle$ $M’$ ( ) $\sqrt[\backslash ]{}$–p-$+$
$g$ $(M’, Q, g)$ ( )
$\underline{\ovalbox{\tt\small REJECT}^{+1}}=L+L^{\perp}$
$Q$ $g$ ( )
\S 4 $\mathbb{H}P^{n}$
$V,$ $W$
$\dim_{\mathbb{H}}V=1,$ $\dim_{\mathbb{H}}W=n$ $Hom(V, W)$ $\mathbb{H}$-
$Q\subset End(Hom(V, W))$ : $v\in V,$ $v\neq 0$
1 $Hom(V, W)\ni F\mapsto F(v)\in W$
$I,$ $J,$ $K\in$ End$(Hom(V, W)$ )
$F\in Hom(V, W)$ ( $IF$ ) $(v)=F(v)i,$ $(JF)(v)=F(v)j,$ $K=IJ$
$I,$ $J,$ $K$ $\mathbb{R}$ End$(Hom(V, W)$ ) $Q$ $Q$ $v\in$
$V,$ $v\neq 0$ $U\subset$
$Hom(V, W)$ $\tilde{I}\in Q$ $\tilde{I}^{2}=-id,\tilde{I}U=U$
$\tilde{J}\in Q’$ $\tilde{J}U\cap U=\{0\}$ $U$
$Q’=[\tilde{I}, Q]=\{\tilde{J}\in Q|\tilde{I}\tilde{J}+\tilde{J}\tilde{I}=0\}$ .
$U\subset Hom(V, W)$ - $\dim_{\mathbb{R}}U=\frac{1}{2}\dim_{\mathbb{R}}Hom(V, W)$ $0$ $\tilde{J}\in Q’$
$U^{\perp}=\tilde{J}U$ $U^{\perp}$ $\tilde{J}$
$Hom(V, W)=U+U^{\perp}$




$J_{2}U=U, UJ_{1}=U, U=\{F\in Hom(V, W)|J_{2}F=FJ_{1}\}$
(2) $J_{1}\in$ End(V), $J_{2}\in$ End$(W)$
$U=\{F\in Hom(V, W)|J_{2}F=FJ_{1}\}$
$U$ $Hom(V, W)$ $\dim \mathbb{R}U=\frac{1}{2}\dim_{\mathbb{R}}Hom(V, W)$
$U^{\perp}=\{F\in Hom(V, W)|J_{2}F=-FJ_{1}\}$






$T\mathbb{H}P^{n}\cong Hom(L, \underline{\mathbb{H}^{n+i}}/L)$ $df$
$\delta$ : $TMarrow Hom(L, \mathcal{H}/L)$
3.1 $\delta$ : $p\in M,$ $X\in T_{p}M,$ $\psi_{0}\in L_{p}$
$\psi\in\Gamma(L)$ $\psi(p)=\psi_{0}$ $\delta_{p}(X)\psi_{0}=$
$\pi L(d_{X}\psi)$ .
$f$ : $Marrow \mathbb{H}P^{n}$ $n$ $\mathbb{H}P^{n}$
$M$ $I$ $\tilde{I}\in r(Q|_{M})$ $df(IX)=\tilde{I}df(X),$ $X\in TM$
$\delta_{p}$ : $T_{p}Marrow Hom(L_{p}, (\mathcal{H}/L)_{p})$
$\delta_{p}(T_{p}M)$ $Hom(L_{p}, (\mathcal{H}/L)_{p})$ 4.1
4.2 $\mathbb{C}P^{n}$ : $S$ $E\Psi^{+1}$ $S\in End(\ovalbox{\tt\small REJECT}^{+1}),$ $S^{2}=-id.$
$S’=\{l\in \mathbb{H}P^{n}|Sl=l\}$ $S’$ $\mathbb{H}P^{n}$ $n$
$\mathbb{C}P^{n}$
[5] $S$- $Marrow \mathbb{H}P^{n}$
$n$
$I$ $M$ $M$ (
) 1-form $\omega$ $*\omega(X)=\omega(IX)$ $*\omega$
$S:Marrow$ End $(\mathbb{H}^{n+1})$ $(or S\in\Gamma(End\mathcal{H}))$ $S^{2}=-$ id
$S$ End $(\mathbb{H}^{n+1})$ (or End $\mathcal{H}$ ) $)$ $M$ 1-forms $A^{+},$ $A^{-}$
([5] \S 5)
(4.1) $A^{+}= \frac{1}{4}(SdS+*dS) , A^{-}=\frac{1}{4}(SdS-*dS)$ .
$Marrow \mathbb{H}P^{n}$ 4.1 1 $\in$
$\Gamma(EndL),$ $J_{2}\in\Gamma(End\mathcal{H}/L)$ $\delta(IX)=\delta(X)J_{1}=J_{2}\delta(X)$
$(J_{1}, J_{2})$ $\mathcal{H}=M\cross\ovalbox{\tt\small REJECT}^{+1}$ $S$ $S\in\Gamma$(End $\mathcal{H}$ )
$S^{2}=-$ id
(4.2) $SL=L, S|_{L}=J_{1}, \pi {}_{L}S=J_{2}\pi L.$
$S|_{L}=J_{1},$ $\pi_{L}S=J_{2}\pi_{L}$ $\delta(X)J_{1}=J_{2}\delta(X)$
$dS(L)\subset L$
4.3 ([5] Theorem 2 ) $M$ $\mathbb{H}P^{n}$
( ) $n$ $L\subset \mathcal{H}=M\cross \mathbb{H}^{n+1}$ $\mathbb{H}$
$S\in\Gamma$ (End $\mathcal{H}$ ) 1 :









$S=\{S\in$ End$(\mathbb{H}^{n+1})|S^{2}=-$ id $\}.$
$S$ End $(\mathbb{H}^{n+1})$ $2(n+1)^{2}$ End $(\mathbb{H}^{n+1})$





$tr_{\mathbb{R}}F$ $X,$ $Y\in End(\mathbb{H}^{n+1})$
$\langle X, Y\rangle=\frac{1}{4(n+1)}tr\mathbb{R}(XY)$





( $n(n+1)$ , $(n+1)(n+2)$ )
$S\in S,$ $X\in T_{S}\mathcal{S}$ $JX=SX$ $J$ $S$
$\langle,$ $\rangle$ $J$ $X,$ $Y\in T_{S}S$ $\langle JX,$ $JY\rangle=\langle X,$ $Y\rangle$
$(S, \langle, \rangle, J)$
$Marrow \mathbb{H}P^{n}$ Gauss $S:Marrow$ End $(\mathbb{H}^{n+1})$
$M$ $S$ $A^{+}=0,$ $A^{-}=0$ $S$
\S 5 $S$
\S 3 1 $\mathbb{H}P^{n}$
$M’\subset \mathbb{H}P^{n}$ $M’$ $\mathbb{H}^{n}$
$\mathbb{H}$
$Q$-
$\mathbb{H}^{n}\cong \mathbb{R}^{4n}$ $\tilde{\nabla}$ $Marrow \mathbb{H}P^{n}$ $n$
$M’$ $\mathbb{H}$
$L\subset \mathcal{H}=M\cross E\Psi^{+1}$ $f$ : $Marrow \mathbb{H}^{n}$ $L=[(\begin{array}{l}1f\end{array})]$
4.1 $R:Marrow \mathbb{H},$ $R^{2}=-1,$ $N:Marrow End(\mathbb{H}^{n}),$ $N^{2}=$ -id
(5.1) $*df=Ndf=-dfR$
$p\in M$ $M$
$df(T_{p}M)$ , $T_{p}^{\perp}M$ :
(5.2) $df(T_{p}M)=\{v\in \mathbb{H}^{n}|N(p)v=-vR(p)\}, T_{p}^{\perp}M=\{v\in\ovalbox{\tt\small REJECT}|N(p)v=vR(p)\}$
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$\tilde{\nabla}$ $M$ $\nabla$ , 2 $\sigma$
:
5.1 $X,$ $Y\in T$
(1) $*dR=RdR=-dRR$
(2) $dN\wedge df=df\wedge dR$ $dN(X)df(Y)-dN(Y)df(X)=df(X)dR(Y)-df(Y)dR(X)$
(3) $(*dN)(X)df(Y)=-NdN(X)df(Y)+2Ndf(X)dR(Y)$
(4)
$N \sigma(X, Y) = -\frac{1}{4}\{dN(X)df(Y)+dN(Y)df(X)+df(X)dR(Y)+df(Y)dR(X)\}$
$N\sigma_{+}(X, Y)$ $=$ $\frac{1}{4}\{-dN(X)df(Y)-dN(Y)df(X)+df(X)dR(Y)+df(Y)dR(X)\}$
$N \sigma_{-}(X, Y) = -\frac{1}{2}\{df(X)dR(Y)+df(Y)dR(X)\}$
(4) $’$ (4)
$\sigma(X, Y) = \frac{1}{2}\{(*df)(Y)dR(X)-dN(X)(*df)(Y)\}$
$\sigma_{+}(X, Y) = -\frac{1}{2}\{dN(X)(*df)(Y)+(*df)(X)dR(Y)\}$
$\sigma_{-}(X, Y) = \frac{1}{2}\{(*df)(X)dR(Y)+(*df)(Y)dR(X)\}$
4.3 $S$ $\mathcal{H}=M\cross\ovalbox{\tt\small REJECT}+1$
$(\begin{array}{l}1f\end{array}),$ $e_{2},$ $\cdots,$ $e_{n+1}$
$S$ $G=(\begin{array}{ll}1 0f I_{n}\end{array})$ $S=$
$GPG^{-1}$ $SL=L$
(5.3) $SG=G(\begin{array}{ll}-R \eta 0 N\end{array}), R\in \mathbb{H}, t_{\eta}\in \mathbb{H}^{n}, N\in End(\mathbb{H}^{l})$
(5.4) $S^{2}=-I_{n+1} \Leftrightarrow R^{2}=-1, R\eta=\eta N, N^{2}=-I_{n}$
(5.5) $*\delta=\delta S=S\delta \Leftrightarrow *df(X)=Ndf(X)=-df(X)R, X\in TM$
(5.6) $dS=G(\begin{array}{ll}-dR-\eta df d\eta 0 df\eta+dN\end{array})G^{-1}$
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(5.7) $4A^{-}=SdS-*dS=G(2RdR -2\eta dfR0 -Rd\eta+\eta df\eta+\eta dN-*d\eta NdN-*dN)G^{-1}$
(5.8) $A^{-}|_{L}=0 \Leftrightarrow dR=-\eta df$
5.2 4.3 $S$ (5.3) :
$dS=G(\begin{array}{ll}0 d\eta 0 df\eta+dN\end{array})G^{-1}$
$4A^{+}=G(\begin{array}{ll}0 -(d\eta)N+*d\eta 0 2Ndf\eta+NdN+*dN\end{array})G^{-1},4A^{-}=G(\begin{array}{ll}0 -(d\eta)N-*d\eta 0 NdN-*dN\end{array})G^{-1}$
2 :
$2N\sigma_{-}(X, Y)=df(X)\eta df(Y)+df(Y)\eta df(X)$ .
5.3 $\sigma_{-}=0$ $A^{+}=0.$
5.4 $M$ $\mathbb{H}P^{n}$ $n$
$M$ $\sigma_{+}=0$ $\mathbb{H}^{n+1}$ $S$ $M$ $S$ $\mathbb{C}P^{n}$
5.4 $M$ $\mathcal{H}=M\cross E\Psi^{+1}$ $\mathbb{H}$ $L$
4.3 $\mathcal{H}$ $S\in\Gamma$ (End $\mathcal{H}$)( $S:Marrow$ End $\mathbb{H}^{n+1}$ )
$M$ $\mathbb{H}P^{n}$
$\sigma_{+}$ ( 2.5 (2))
5.1 $dS=0$ $S$ $M$
$S$ 4.2 $\mathbb{C}P^{n}$ $S(L)=L$
$M\subset \mathbb{C}P^{n}.$ $M$ $\mathbb{C}P^{n}$ $M$ $\mathbb{C}P^{n}$
5.5 4.3 $S$ :
$p\in M$
$S_{p}=G(\begin{array}{ll}-R_{p} \eta_{p}0 N_{p}\end{array})G^{-1}, G=(\begin{array}{ll}1 0f(p) I_{n}\end{array})$
$S_{p}$ $df(T_{p}M)=\{v \in 1$ $|N_{p}v=-vR_{p}\}$ .
2 (1, 1) $\sigma-$ 5.2
$S_{p}$ $S_{p}’$ $S_{p}’=\{l\in \mathbb{H}P^{n}|S_{p}l=l\}$ . $S_{p}’$
$P$ $M$ $\sigma_{-}$
2.5 (3) $\sigma_{-}$
$Q$- [5] $S^{4}=\mathbb{H}P^{1}$ $M$
$S\in\Gamma(End\mathcal{H})$ the mean curvature sphere of $M$
21
[1] D.V.Alekseevsky and S.Marchiafava : Quaternionic structures on a manifold and
subordinated structures, Ann. Mat. Pura and Appl. 171 $(1996),205-273$
[2] D.V.Alekseevsky and S.Marchiafava : Hermitian and Kahler submanifolds of a
quaternionic Kahler manifold, Osaka J. Math. 38(2001), 869-904
[3] D.V.Alekseevsky and S.Marchiafava: $A$ twistor construction of Kahler submanifolds
of a quatemionic Kahler manifold, Annali di Mat. $184(2005),53-74$
[4] A.L.Besse: Einstein manifolds, Springer-Verlag, 1987,$Berlin$
[5] F.E.Burstall, D.Ferus, K.Leschke, F.Pedit, and U.Pinkall: Conformal geometry of
surfaces in $S^{4}$ and quaternions, Springer Lecture Notes in Mathematics Vol.1772,
Springer, Berlin,2002
[6] S.Ishihara: Holomorphically projective changes and their groups in an almost complex
manifold, Tohoku Math. $J$ . 9(1959), 273-297
[7] J.M.Landsberg and L.Manivel: Legendrian varieties, Asian J. Math.,11(2007), 341-
360
[8] K.Tsukada: Parallel submanifolds in a quaternion projective space, Osaka J. Math.
22(1985), 187-241
22
